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ABSTRACT

We briefly review the development of theoretical mod-
els for the calculation of fission barriers and half-lives.
We focus on how results of actual calculations in a uni-
fied macroscopic-microscopic approach provide an inter-
pretation of the mechanisms behind some of the large
number of phenomena cbserved in fission. As instructive
examples we choose studies of the rapidly varying fission
properties of elements at the end of the periodic system.

INTRODUCTION

The history of fission is often that of an unexpected
experimental discovery followed by theoretical interpre-
tations. In 1934 Fermi bombarded uranium with neu-
trons and and erroneously concluded that transuranium
clements had been produced. Noddack® correctly sug-
gested that fission had been observed, but the credit for
discovering fission goes to Hahn and StraBmann, who in
1938 repeated Fermi's experiments and clearly identified
barium in the reaction products. Soon afterwards Meit-
net and Frisch ? interpreted this reaction as a breakup
of the uranium nucleus into two smaller fragments, re-
sulting from the Coulomb repulsion overcoming the sta-
bilizing influence of the surface tension. This analogy
with a charged liquid drop was also discussed by others
and developed into a more complete theory by Bohr and
Wheeler.?

The tirst 25 years of fission theory, which are very much
the history of the liquid-drop model, are being reviewed
in other contributions at this conference. Although the
liquid-drop tmodel accounts for many festures of the fis-
sion process 1t leaves others unexplained, for instance the
mass asymmetrv and the variation of half-lives in actinide
fission. The last 25 vears of fission theory have seen how
the liquid-drop picture has been modified to account for
many of these phenomena. Also some of these develop-
iments are being reviewed at this conference.

The big leap forward in our understanding of the fission
process occurred in the mid 1960', when the effed ts of
microscopic nuclear striuctuce oa the Rssion process came
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into focus. However, preliminary steps in this direction
were taken earlier. Just asirregularities in nuclear masses
could be understood in terms of the extra stability associ-
ated with magic numbers, it was realized by Swiatecki*
in 1955 that it was possible to account for the varia-
tion in actinide fission half-lives by adding a shell correc-
tion to the fission-barrier ground-state minimum given
by the liquid-drop model. This shell cotrection was cal-
culated as the difference between the mass calculated in
the liquid-drop model and the experimental mass. At
the same time, the increased stability towards fissior of
odd nuclei was explained ®® in terms of a specialization
energy due to the conservation of spin of the odd par-
ticle during the barrier penetration process. These two
developments showed that shell effects could be impor-
tant both at the nuclear ground state and at larger de-
formations corresponding to saddle-point shapes. Later,
Johansson T tried to estimate shell effects from calculated
single-particle levels in a deformed potential well.
However, it was work by Strutinsky,®? stimulated by
the earlier discovery of fissiou-isomeric states, that led
to a well-defined method for calculating the shell cor-
rection. Iu the years 1966-1973 this method resulted in
an enormous theoretical activity in the study of fission
properties. Based on calculated potential-energy sur-
faces, fission isomeric states® and the mechanisim of mass.
asyminetric fission '° were explained and fission half-lives
were determined. ''!? Speculation on the existence of a
superheavy island near Z = 114 was more quantitatively
investigated in several extensive calculations, '?-1

'{ODELS

To determine fission-barrier heights, the potential en
ergy of a nucleus is calculated for a prescribed sot of
<hapes. [n the simplest case the shapes may be charac.
terized in termas of one shape coordinate. The potential
energy displayed in terms of this coordinate is the fixvion
barmer. Fission half-lives ate given by the proetiabality
through this one-ditmensional barcier

In the more general case, the energy 18 caloulated w



terms of several shape coordinates, for example elonga-
tion, neck radius and mass asymmetry. Precisely how
these variables should be defined is a difficult and im-
portant problem. In the multi-dimensional case a fission
barrier is not a well-defined concept. Fission half-lives
should, in principle, be calculated by considering the pen-
etration of the multi-dimensional potential-energy sur-
face in some model. This general case is extremely com-
plicated and has never been treated exactly.

The usual approach is to display two-dimensional sub-
spaces of the multi-dimensional potential-energy calcula-
tions as potential-energy surfaces in terms of two shape
coordinates. QOne coordinate is usually chosen to be re-
lated to elengation, the other to mass asyvmmetry or to
neck size. In the multi-dimensional case a Rssion barrier
is usually defined as the energy along a one-dimensional
path through the minima and saddle points in the multi-
dimensional space. Since there are an infinite number of
paths that pass through the maximaand minima only the
extremum points of the barrier are well-defined. Some
calculations of tission half-lives consider the penetrabil-
ity along all possible paths between the ground state and
scission. The path with the maximum penetrability cor-
responds to the path actually taken by the nucleus. In
such a treatment the path need not pass through the
minima and saddle points of the potential energy.

Twao ditferent general classes of models are used to cal-
culate the nuclear potential energy of deformation. The
more fundamental models are the self-consistent ones,
for instance the Lartree- Fock approximation with an ef-
fective two-body interaction.  Because of their compu-
tational complexity, their full impact has yet to be real-
ized. Most results are obtained by use of the macroscopic-
microscopic method, In this approach the energy is givea
by

Frashape) = Faae(shape) + Epuee(shape) (1)

where the total potential energy Euoo, is a function of
shape and is the sum of a macroscopic term £ yuy and
A microseopic tertn Fyeo Fhe macroscopic teem gives
the binding enerey of a nucleus to within about 10 MeV
ont of a toral of 2000 MeV for a heavy nucleas. It de-
seribes the smooth trends of the energy as a finction of
/A and deformation, whereas the microscopic term ac-
counts for internal structure effects that are, for instance,
exhibited as nonuraformaties in calculated single-particle
level spectra. Thus, the gaps associated with the magic
numbers Z = 82 and ¥V = 126 of spherical **PL are as-
wetated with a microscopic eneigy of about =12 MeV.
Ihe macroscopic energy 18 caleulated in a model such as
the Liquid drop model, ™ the droplet model ™1 or the
Yukawa plas exponential model ' and the microscopie
tecm s evaduated from a caloulated vingle pacticle lesel
spectrim by ave of Stentinshy's shell-correction method
Flid approach has been enormously successful over the
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Figure 1: Macroscopic fission-barrier heights in two mod-
els.  The Yukawa-plus-exponential model agrees much
better with experimental data.

past quarter century in describing many aspects of nu-
clear structure, such as ground-state masses and snapes,
fission-barrier heights and fission half-lives, for nuclei
throughout the periodic system.

There are several models tiiat can be used for each
of the two terms in the expression for the total poten-
tial energy. The m:acroscopic term may, for exauple,
be evaluated from a liquid-drop model, a deoplet model
or a Yukawa-plus-exponential model and the microscopic
term from single-particle levels calculated 11 a Nilsson
modified-oscillator one- or two-center potential, a Woods-
Saxon potential or a folded- Yukawa single-parucle poten-
tial. Some properties are well described over a limited
region of nucles by any model combination since the pa-
rameters of the models are determined by adjustiments
to data. However, to obtain a model that can be reli
ably extrapolated to unknown regions of nuclei and that
may predict unexpected features in known regions of nu-
clet, one should use a unified approach in which a maedel
with a single parameter prescription describes as many
nuclear-structure features as possible over the entire pe-
riodic system.  One such combination is the Yuhawa.
plus exponential model coupled with the folded Yuhawa
single-particle potential. Most of the results we show hepe
are obtained by this combination.

fn early 1970 it became clear that the usual aface:
energy tecm in the liquid deop model, namely ateem pro
portional to the surface area of the nudens, was imade
quate for the deseription of the surface energy of <addle.
point shapes with well-developed necks or the s face .
ergy of two colliding heavy wons at a distance within the
range of the nuclear foree I partienlas, the hgand doop
toded predheted that nudler e the sty ot o ]
wonld have a fismion barrier about 799 MeV el whereas
experymental resulty indicated that the Tavvers i this
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Figure 2: Calculated fission-barrier heights compared to
experimental data. For actinide nuclei the second peak
in the barrier is the vne studied.

region were only about 35 MeV high. This discrepancy
could not be removed by any reasonable readjustment of
the liquid-drop model parameters.

The proximity-force model?® was a first step in ac-
counting for the reduction in surface tension due to the
finite range of the nuclear force for heavy ions close to
the touching configuration. Later, a more general model
that can be applied to arbitrary nuclear shapes was de-
veloped. [n this approach the surface energy is calculated
by taeans of a double volume integral of a Yukawa-plns-
expouential function over the nuclear volume. '?

In fig. | we show fission-barrier heights for nuclei on
the line of J-stability calculated in a liquid-drop model
and in the Yukawa-plus-exponential model. In the ac.
tinide regivn the two models give very similar results,
hut in the region A = 100 the difference is more than 15
MeV. The Yukawa-plus-exvonential model agrees well
with experiment in this region, whereas it is not possi-
ble to bring the liquid-drop model into agreement with
data. even with unrealistic choices of the model parame-
ters. ['his s a retlection of the fact that the saddle-point
shapes in the region A = 100 correspond to shapes with
pronounced necks. Modely in which the surface energy is
simply proportional to the surface area of the deformed
nucleus, such as the liquid-drop model, severely overesti-
mate the surface energy for such shapes.

Althougn the most commonly used single-particle po-
tentialy all give sunilar results in some applications, the
folded-Yukawa single-particle potential has a number of
distinet advantages. Relative to oscillator-model poten-
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Figure 2. Nuclear shapes corresponding to potential-
energy surfaces. The end parts of the shape are kept
spherical. The upper boundary corresponds approxi:
mately to spheroids and the lower beundary to two over-
lapping sphetes for r < 1.39 and to scission configura-
tions for r > 1.59,

tials, its spin-orbit and diffuseness parameters vary slowly
and predictably over the periodic system. Relative to the
Woods-Saxon model the description of the potential gen-
eralizes more naturally to deformed shapes and to sep-
arated fragments. Both spherical and deforined ground-
state shap~s and shapes that occur later iv the fission
process can be generated with existing shape parameter-
izations. For instance, the shape of two touching spheres,
which is crucial for the study of fission of heavy fermium
isotopes, is precisely generated within the shape param-
eterization,

FISSION BARRIERS AND HALF-LIVES

To illustrate the level of understanding of the fission
process that is achieved at present in theoretical stud-
ies we discuss some results that have been obtained
by use of the macroscopic-micioscopic method, with
the Yukawa: plus-exponential macroscopic model and the
folded-Yukawa single-particle model. The focus will be
on the very heaviest elements, for which the rapidly
changing fission properties present a challenge to the the.
otetical models, Because of lack of space we have to refee
to out more extensive presentations ' for a more com
plete discussion of our results and the results of other
Lroups.

Fission barriers for actinide nucler have been quite well
reproduced in theoretical calenlationy already wn the early
970", The proceedings®® of the iission confetence in
Rochester in 1973 give excellent examples of such stnd
i*y. Lhere are fower examples of caleulations that repro
duce fiswion barriers for elements throughout the ponodie
swatene o fig. 2 we show results of one such caloulation
takhen from a study that adjusted the parameters of the
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Figure 4. Potential-energy surface corresponding to
shapes in fig. 3. The paths correspond, going downwards
ir the figure, to the old path, the switchback path, and
the new path. The stability of the shaded area with re-
spect to mass asymmetry is investigated below.

Yukawa-plus-exponential model to ground-state masses
and fission barriers throughout the periodic system. The
rms deviation between calculated and experimental bar-
rier heights is 1.33 MeV for 28 fission barriers. Also bar-
riers in the region A4 = 100 are well ~eproduced.

Experimental results on the fission properties of ac-
tinide nuclei have, until recently, shown that many fis-
sion properties vary fairly smoothly from the beginning
of the actinide region towards the heaviest known nuclei.
However, results obtained over the last 10 to 13 years
show that for nuclei close to **Fm there are very rapid
Hiuctuations in fission half-lives, kinetic energies and mass
asymmetry. The history of these discoveries and details
of the experimental data are reviewed by Hoffman and
by Hulet in other contributions to this conference. For
“3Fm the mass distribution is sharply symmetric, the
spontaneous-fission half-life is short (only 0.38 ms), and
the kinetic energy distribution has peaks at 200 and 235
MeV. Hulet et al.* interpreted the bimodal character
of the kinetic-energy distribution to show that for *8Fm
there are two different fission vaileys leading to two dis-
tinctly different scission configurations, one conventional
scission configuration of two fairly elongated shapes cor-
responding to the low kinetic-energy peak and one com-
pact scission conliguration of two touching spheres cor-
responding to the high kinetic-energy peak.

The valley leading to the compact scission configura-
tion of two touching spheres becomes prominent close to
B8Fm because of the large negative shell corrections in
fragments close to '7Sn. The shell correction of '¥Sn is
about =13 MeV. Thus the configuration of two touching
'S nuclei has a shell correction of -26 MeV. Con-
fignrations close to doubly magic configurations are also
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Figure 5: Potential-energy surface for which access to the
new valley is blocked by a ridge.

expected to have substantial shell corrections. The con-
figuration of two touching '*Sn nuclei, corresponding to
symmetric fission of **Fm, has a sheil correction of ~18
MeV.,

As the first step in our study of the possibility of multi-
ple valleys in the potential-energy surface we select a set
of shapes for which to calculate the potential energy. Our
choice it shown in fig. 3. This choice includes ground-
state shapes in the lower left corner, shapes leading to
elongated sciseion configurations in the upper right cor-
ner, and shapes corresponding to compact scission con-
figurations in the lower right part of the figure. In the
caption to this figure and throughout this paper we use
units in which the spherical radius Ry =

The result of the calculation is seen in fig. 4. Some
structures seen in this potential-energy surface are: a
ground state at r = 0.86 with potential energy £ = -1
MeV, a first saddle at » = 1.0 with £ = 4 MeV, and a
second minimum at r = 1.3 and ¢ = 0.70 v:ith E slightly
below =2.0 MeV. The dot-dashed line 12ads along the
conventional old path into a valley that ends at an elon-
gated scission covfiguration. The short-dashed line leads
over a saddle that corresponds to shapes cluse to two
touching spheres and into a new fission valley.

Spontaneous-fission half-lives are extremely sensitive
to small changes in the barrier energies. The fact that
both low and high kinetic-energy fission are observed si-
multaneously for several fissioning species shows that the
penetrability through the two barriers leading to these
two configurations must be very similar. That two com-
pletely different barriers have similar penetrabilities iy
extremely unlikely. Therefore, in our interpretation, the
branching into the different valleys must take place at o
late stage during the penetration process. Figure § shows
that a third long-dashed path branches off from the new
path at about r = 145 and @ = 0.70. Thiy path, which
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Figure 6: Potential energy minimized with respect to
the mass-asymmetry coordinate a;. The height of the
switchback saddle at r = 1.4 and ¢ = 0.73 is now about
the same as the outer saddle on the new path at r = 1.6
and ¢ = 0.74.

we call the switchback path, leads back into the old valley
across a thiid saddle at r = 1.5 and ¢ = 0.825. The
barrier between the ground state and the new and old
valleys along the new and switchback paths differ only
along a small portion near the end part of the barrier.
Thus the barriers and the corresponding penetrabilities
are not much different, which explains the mechanism
tehind the simultaneous observaiions of low and high
kinetic-energy fission.

The new fission valley is most prominent close to
*Fm. In fig. 5 we show a potential-energy surface for
432(Cf. Here access to the new valley is blocked by a high
ridge. The outer saddle on the old path is now the low-
est saddle. However, microscopic effects on the inertia
have to be considered to determine whether the nucleus
follows the old or the switchback path into the old valley.

The effect of mass-asymmetric distortions is not in-
cluded in fig. 4. We have studied ** this shape degree of
freedom at all three outer saddle points of the potential-
energy surface, but show here only the results for the
shaded region in fig. 4, for which we have performed
a full three-dimensional calculation. For each r and o
we have minimized the energy with respect to the mass-
asymmetry coordinate. The minimized energy is showu
as a function of r and 7 in fig. 6 and the corresponding
shapes in fig. 7. ‘The inclusion of mass-asymmetry leaves
the yaddle on the new path unaffected but lowers the
saddle on the switchback path by more than 2 MeV s0
that the two saddle-puint heights are now approximately
equal. The shapes remain clearly symmetric along the
new path, but mass asymmetry sets in and grows along
the switchback path towards the old valley.

Spontaneous-fission half lives are related to an integral
along the tission path involving the product of the fission-
barrier | sight and the inertia associated with the motion
through (he barrier. Since the half-hfe is an invariant,
independent of the choice of shape coordinates, the iner-
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Figure 7: Muclear shapes corresponding to the potential-
energy surface in fig. C.

tia clearly depends on the choice of coordinate system. It
also depends con the internal structure of the system. A
large amount of internal reorganization, which occurs at
level crossings, raises the inertia. In the coordinate sys-
tem we choose, distance between mass centers, the inertia
for separated {ragments should be equal to the reduced
mass. For shapes near the ground state the inertia is ex-
pected to be considerably above the value corresponding
to irrotational flow. A consideration of these limits led
ref. '® to propose a semi-empirical model for the inertia.
In this model the inertia is

B, = k(B - p) + (2)

where k is an adjustable constani, 3" is the irtotational
inertia and u the reduced mass of the separated frag-
ments. Figure 8 taken from ref, ?* shows the inertia in this
model and two curves obtained i ¢ microscopic cranking-
modei calculation. The short-dashed (static) curve cor-
responds to a fission path that is selected as straight lines
between the minima and saddle points. The solid (dy-
namic) curve corresponds to a path that maximizes the
penetrabiiity.

There are strong microscopic effects in the cranking-
model calculations. Y5pontaneous.fission half-l'fe calcu-
lations based on the cranking model and on the semi-
empirical model for the inertia agree about equally well
with experimental data. An explanation for the good
results obtained in the semi-empirical approach is prob-
ably that the integration of the product of the cranking-
model inertia and the barrier height along the fission path
washes out the microscopic fluctuations. The search for a
path with maximum penetrability also decreases the am-
piitude of the fluctuations in the cranking model inertia,
as is seen in fig. 8.

The Huctuations in the level structure do not, on the
average, depend critically on the particular nucleus con-
sudered for fission along the old path. Therefors, the vane
semi-empitical inertia 18 used for all actimde nncler for
half hife calculations along the old path. However, along
the new path the single-particle lesel spectrum s very
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Figure 8: Nuclear inertia in nicroscopic, semi-empirical,
and hydrodynamical models.

different ! from the level spectrum along the old path.
Already slightly beyond the first saddle fig. 3 shows that
the fragments become developed, which in the level dia-
gram corresponds to levels that change very little with de-
formation beyond the first saddle. Therefore, the inertia
along the new path is expected to approach the reduced
mass much more rapidly than along the old path. This
is discussed in greater detail in ref. *? from which we take
fig. 9, where the semi-empirical inertias corresponding to
the old and new paths are displayed.

Calculated spontaneous-fission half-lives are displayed
in fig. 10. The calculations are based on the semi-
empirical inertia displayed in fig. 9 and calculated
potential-energy surfaces similar to the one shown n
fig. 4. Mass-asymmetric shape degrees of freedom
were taken into account at the outer saddle points.
\When a new path is present in the calculated surfaces
spontaneous-fission half-lives have been calculated along
both the old and new paths. The shorter half-life cor-
respor.ds to the designation dominating path ia fig. 10.
When the new path is present it is alwsys the dominating
path for the cases displayed in fig. 10.

There are some large disagreements between the cal-
culated and experimental half-lives, in particular close to
N =152, Since a change in the ground-state energy by 1
MeV changes the calculated half-life by six orders of mag-
nitude, an error of 1 MeV in the calculated ground-state
energy at N = 152 would explain the discrepancy. An-
other possible explanation is that fission proceeds along
the switchback path, but this has not been investigated
theuretically at this time.

The contiguration of two touching spheres is 1eached
already at r = 1.59. For #**Fm the barrier along the
new path is not yet penetrated at this small r va'ue
ilecause at this configuration we are dealing with twe
separate nuclei it iy important that the shape deper.-
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Figure 9: Semi-empirical inertia along the old and new
fission paths.

dences of the model used are such that the same energy
is obtained whether the configuration is treated as one
highly deformed ***Fm system or as two touching '?°Sn
nuclei. Because earlier calculations seldom followed a sys-
tem through such radical shape changes that the system
evolved from a single system to two separated nuclei, the
usual formulations of the models have deficiencies in this
respect. Qur results here have been obtained with models
hat have been extended ?? to include shape dependences
for the particularly important Wigner and A° terms.

The calculations of a Polish group ?® treat these terms
as independent of deformation. This leads to a deeper
new valley for ¥ Fm in their calculation. In fact their re-
sults show that there is no second barrier for this nucleus.
In their view the mechanism bekind the short half-life of
#8Fm is the disappearance of the second batrier.

In our view, the condition that the same energy be
obtained regardless of whether the system is treated as
a single, highly deformed one or as two touching spher-
ical nuclei has to be fulfilled. With this condition met
we find that the mechanism behind the steep decrease of
half-lives of Fm isotopes beyond N = 152 is the rapid
deepening of the new valley floor with increasing N, cou
pled with a lower inertia in the new valley than in the
old valley.

The differences between the models have impor-
tant consequences for the predicted properties of very
neutron-rich elements. The calculations of the Polish
group 7™ show increased stability as vV = 162 is ap-
proached, whereas we find that the stability in this region
is also affected by the appearance of the new valley.

In our approach the new valley in the potential-energy
surface destabilizes the heaviest clements. Figure 10
shows that the calculated half-life along the new path
is about 10 orders of magnitude shorter than along the
ald path for v 2 162, The neutron number ¥V = 162y
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Figure 10: Calculated spontaneous-fission half-lives compared to experimental data.

associated with a gap in the calculated level spectrum for
deformed shapes. It has been assumed that elements in
the vicinity of this neutron number are unusually sta-
ble. The recent discoveries 30 of elements with pro-
ton number up to Z = 109 show that these elements
have a ground-state shell correction of about —6 MeV.
The theoretical predictions of a deformed neutron shell
at .V = 162 have led to the expectation that the stabil-
ity would increase as this neutron number is approached.
However, we now see that the stability is not solely de-
termined by the ground-state shell gap at N = 162. The
more complete picture is that the fission properties are
affected by the balance between the stabilizing influence
of the ¥V = 162 ground-state shell gap and the destabi-
lizing influence of the fragment N = 2 x 82 = 164 shell

gap.

PAST AND FUTURE

The past has seen the models for the fission barrier
evolve from a simple liquid-drop model, which was the
dominating model for the first 25 years, to a more com-
plex picture in which the calculation of shell effects adds a
rich structure to the potential-energy surface. Instead of
interpreting fission in terms of a one-dimensional barrier,
we now interpret the fission process for " Fm, for ex
ample, in terms of a multi-dimensional potential-energy
surface on which we have identified a large number of

important features: a ground-state minimum separated
from a second minimum by a first barrier peak, a second
minimum beyond which two saddles lead to a conven-
tional and a new fission valley, and a switchback path
that leads from the new valley across a third outer sad-
dle back to the old, conventional fission valley.

Twenty-five years ago Wilets 3! said about the liquid-
drop model, “Despite its basic simplicity, it remains ba-
sically unexplored.” Since then, finite-range effects have
been incorporated to generalize the description of the
surface-energy. But other features, notably the Wigner
term and its shape dependence which have effects on the
potential-energy surface of up to 10 MeV, remain poorly
understood. Studies of the new fission valley show that
it is crucial to achieve an improved understanding of the
origing of this term and its shape dependence in order
to reliably calculate the potential-energy surface in the
scission region.

The evolution of the shape of the nucleus along the
three paths on the notential-energy surface corresponds
to radically different rearrangements of interral struc-
ture. This in turn leada to large differences in the inertia
along the several fission paths. More extensive theoret.
ical studies of microscopic effects on the inertia wonld
improve our understanding of the fission properties 1n
the Fm region,

The theoretical efforts to understand the forces that



balance the nucleus against disruption at the very end
of the peninsula of known nuclei would be greatly aided
by experiments that study nuclei with .V > 160. The
future certainly holds a promise of a deeper understand-
ing of the properties of nuclei close to ***Fm. As our
understanding of this pool of instability evolves, it will
increase our ability to reach for what is beyond, be it
rocks or a super-heavy islaud. Undoubtedly, the future
will see exciting new discoveries in the waters beyond the
end of the peninsula of known elements.
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